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Abstract
Let G be a 4-regular planar graph and suppose that G has a cycle decomposition S (i.e., each edge of G is in exactly on cycle of the
decomposition) with every pair of adjacent edges on a face always in different cycles of S. Such a graph G arises as a superposition
of simple closed curves in the plane with tangencies disallowed. Grötzsch–Sachs–Koester’s conjecture states that if the cycles of G
can be partitioned into four classes, such that two cycles in the same classes are disjoint, G is vertex 3-colorable. In this note, the
conjecture is disproved.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A simple graph is called k-chromatic if its chromatic number is equal to k. A graph is edge 4-critical if it is vertex
4-chromatic and removing any of its edges leads to a 3-chromatic graph. Consider a graph G = G(S) formed by the
superposition of a set S of simple closed curves in the plane, no two of which are tangent and no three of which meet
at a point. Vertices and edges of G correspond to crossing points and arcs of S, respectively (see, for example, Fig.
1). Such 4-regular plane graphs will be called Grötzsch–Sachs graphs. The closed curves in S can be partitioned into
several parallel classes, where the curves in each class are pairwise disjoint. Denote the number of parallel classes
by s. Grötzsch seems to be the ﬁrst who considered coloring of these graphs. At several conferences on graph theory
[10,11], Sachs discussed the following Grötzsch’s conjecture: the chromatic number of Grötzsch–Sachs’ graphs, (G),
is at most 3. This statement will be referred here to as Grötzsch–Sachs’ conjecture. Further studies showed that the
chromatic number of graphs of this class depends on the number of parallel classes.
Jaeger proved [2,3] that if s3, then (G)3. In 1984, Koester disproved Grötzsch–Sachs’ conjecture by construct-
ing two 4-regular 4-chromatic graphs generated by sets of curves in the plane shown in Fig. 1 [5–7]. Both graphs have
rich groups of automorphisms. For the ﬁrst graph of order 20, the number of parallel classes is equal to 5, i.e., every
class has a unique curve. This graph is neither vertex critical, nor edge critical (it has 16 non-critical edges). The second
graph of order 40 is the ﬁrst example of a 4-regular edge 4-critical planar graph. It has six parallel classes, only one of
which contains two curves. This graph also disproved Dirac–Gallai’s conjecture [1] on the maximal number of edges e
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Fig. 1. Koester’s 4-regular 4-chromatic graphs.
in a planar critical n-vertex graph (the conjecture stated that e2n−2) [9]. Based on this example, Koester constructed
an inﬁnite family of 4-regular edge 4-critical planar graphs that are not Grötzsch–Sachs graphs [8].
Attempts to determine the chromatic number of Grötzsch–Sachs graphs for s = 4 led to the following conjecture
(see Problem 2.11 in [4], Question 4a in [11], Problem 8 in [6,12], and Problem 11.1 in [13]):
Conjecture 1. If G is a Grötzsch–Sachs graph with s = 4, then (G)3.
In this note, we disprove this conjecture by constructing 4-regular 4-chromatic graphs in question.
2. 4-chromatic graphs formed by four curves in the plane
Consider two sets of curves in the plane shown in Fig. 2. It is easy to see that these sets generate two Grötzsch–Sachs
graphs of order 18. The corresponding graph G for the ﬁrst set is presented in Fig. 3d (with vertex numbering).
Proposition 2. The graph G is 4-chromatic.
Proof. By Brooks theorem, (G)4. Since G contains triangles, (G)3.
Suppose that G is 3-chromatic and try to color it. An initial step of the coloring procedure is to assign colors to
vertices of some face by all possible ways. Then we show that any extension of the initial coloring implies impossibility
to color the graph.
Consider the 5-face (8,18,12,16,17) of the graph G in Fig. 3d. We will depict vertex color by a star, a triangle, or a
diamond. To color vertices of any 5-face in a 3-chromatic graph, one needs exactly three colors. One vertex of a 5-face
has a color that is distinct from the colors of the other four vertices. Assume that this color is depicted by a star. The
total number of 3-colorings of the initial 5-face is ﬁve. For the graph G, it is sufﬁcient to examine only three different
colorings of this face. Indeed, if a star is used for coloring vertices 16 or 17, then vertices 8 and 12 always have the
same color. Since every vertex of the triangle (10,14,18) is adjacent to vertices 8 or 12, this triangle cannot be properly
colored.
Three cases of a coloring of the initial face are shown in Fig. 3a–c. The ﬁrst colored vertex is 8, 18, and 12 for the
case A, B, and C, respectively. The unique possible extension of the initial coloring for every case are also presented
in Fig. 3. The number near every vertex in Fig. 3a–c indicates the number of the step at which this vertex gets a forced
color during the coloring procedure. The question mark indicates a vertex which cannot be properly colored. As an
illustration, consider several coloring steps in Case A. After Steps 1–5, the initial 5-face is colored (the vertex 8 is
marked by a star). Since vertices 14 and 13 are adjacent to vertices of the colored 5-face (see Fig. 3d), they are marked
by a star at Steps 6 and 7. Next, because vertices 15, 13, and 16 form a triangle, the vertex 15 gets a diamond at Step
8, etc. At every step, a vertex gets its color from a corresponding triangle with two colored vertices.
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Fig. 2. Four curves generating two 4-chromatic graphs.
Fig. 3. Extension of 3-coloring of 5-face to G: (a) Case A; (b) Case B; (c) Case C; (d) graph G
The considered cases show that graph G is not 3-chromatic. The obtained contradiction implies that (G) = 4. 
The technique described above can be directly applied also to the graph shown in Fig. 2 on the right.
The constructed graphs of order 18 are vertex 4-critical but not edge 4-critical. It would be interesting to ﬁnd similar
graphs that are edge critical.
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Problem 3. Find an edge 4-critical Grötzsch–Sachs graph with s = 4.
The existence of non-critical edges in the both graphs in Fig. 2 allows the construction of inﬁnite families of 4-
chromatic Grötzsch–Sachs graphs for s = 4. The graph G contains two non-critical edges that correspond to arcs (a, b)
and (c, d) in Fig. 2. The 4-critical subgraph G\{(a, b), (c, d)} is unique in G. Denote by H the graph generated by the
second set of curves in Fig. 2. It has four non-critical edges that correspond to arcs (a, b), (c, d), (e, f ), and (h, g). The
graph H contains two non-isomorphic 4-critical subgraphs: H\{(c, d), (h, g)} and H\{(a, b), (c, d), (e, f )}. Deleting
non-critical edges and then joining vertices of degree 3 in copies of G or H by new edges, one can obtain a new
4-chromatic Grötzsch–Sachs graph. Obviously, all edges of the resulting graph are non-critical. An inﬁnite family of
graphs is constructed by repeating this process.
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